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INFLUENCE OF PHYSICAL AND SCHEMATIC VISCOSITY IN 

THE ANALYSIS OF THE NEAR WAKE BEHIND A DISC 

I. A. Belov, S. A. Isaev, 
M. I. Nisht, and A. G. Sudakov 

UDC 532.517.4 

The influence of the physical and schematic viscosity on the results of compu- 
tations performed within the framework of viscous and ideal medium models is 
analyzed in an example of uniform incompressible fluid flow around a disc. 

i. The development of the near wake behind a disc is a typical example of the flow a- 
round bodies with a fixed site of flow separation on their surface. Investigation of the in- 
fluence of viscosity in computing such flows is of important value in the determination of 
integral and local characteristics of poorly streamlined bodies, particularly the base pres- 
sure. Interest is also stimulated in the computation of separation flows by the practical 
utilization of flow control principles because of the premeditated formation of developed 
circulation zones near the streamlined bodies (see [i], for example). Separation flows can 
be modelled correctly on the basis of the solution of the system of complete nonstationary 
Navier--Stokes equations. The complexity of realizing such an approach even in investigations 
of stationary separation flows for significant Reynolds numbers is well known. The initial 
system of time-averaged Navier--Stokes equations in Reynolds form is not closed in this case 
and requires reliance on semiempirical models of turbulence which describe such flow struc- 
tural elements of different scale as thin shear layers and vortex formations, whose dimensions 
are commensurate with the size of the body being streamlined. 

In a number of cases, particularly in the solution of problems about the flow around a 
body with sharp edges at ultimately high Reynolds numbers when the influence of molecular 
viscosity on the flow becomes insignificant, the difficulties in solving the complete Navier-- 
Stokesor the Reynolds equations resulted in the development of methods to compute separation 
flows that are based on a model of an ideal medium [2]. Let us mention just two, the method 
of discrete vortices and the method of coarse particles, whose detailed description is given 
in [3] and [4], respectively. The satisfactory agreement between the computed results ob- 
tained by using these methods and the experimental data (on body drag, flow Configuration, 
etc.) affords a basis for the assumption that such an approach is justified in the considera- 
tion of fully developed turbulent flows. Let us note that modelling the turbulence is here 
presumably associated with singularities in the numerical realization of the analysis that 
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Fig. i. Dependence of the frontal drag 
coefficient Cx on the Reynolds number 
Re. Solution of the Navier--Stokes equa- 
tions (curves i, 3) by using the Leonard 
scheme (i), and the hybrid scheme (3; 
data from [I0]); solution of the Reynolds 
equations closed by using the k -- e model 
of turbulence (2 and 4) by using the Leon- 
ard scheme (2) and the hybrid scheme (4); 
computation by the method of discrete 
vortices (5); 6) experimental results [6]. 

are due to discretization of the problem in both time and space, or as is customarily consid- 
ered, in the influence of the artificial computational viscosity solution on the results. 

Taking the above-mentioned into account, the numerical modelling of separation including 
turbulent flows assumes the necessity of distinguishing the action of the physical or molecu- 
lar, computational of schematic and turbulent viscosity mechanisms if the latter is inserted 
into the consideration of the turbulence model. The purpose of the investigation is there- 
fore an analysis of the influence of the kinds of viscosity mentioned on the solution of the 
problem of uniform incompressible fluid flow around a disc in the laminar and turbulent modes 
on the basis of comparing the results of a flow analysis obtained by different finite-differ- 
ence methods and the method of discrete vortices with experimental data on local and integra- 
ted characteristics presented in [5, 6]. The velocity Uo and the density p of the unperturbed 
flow as well as the disc radius R are selected as characteristic parameters. The disc is as- 
sumed infinitely thin in the computations. 

2. General approaches to the schematization of separation flows and to the development 
of mathematical models of these flows are formulated in the monograph [3]. Their basic as- 
sumptions reduce to the following. The medium is considered ideal and incompressible. Flow 
separation is postulated on sharp edges and breaks in the lifting surface. Vortex surfaces 
are here shed from the edges and breaks and the velocities and rarefaction turn out to be 
finite here. To set up the nature of the ultimate separation flow, a nonstationary problem 
is solved in the general case, i.e., the whole process of flow formation is studied. 

The mathematical formulation of the nonstationary problem of separation flow around a 
thin disc is described by the continuity equation in the form of the Laplace equation, bound- 
ary conditions on the disc surface, conditions on the vortex sheet and at infinite removal 
from the disc and its wake, the Chaplygin--Zhukovskii hypothesis on finiteness of the velocity 
at the sharp edge of the disc with which the vortex sheet converges, and also given initial 
conditions. Formation of the vortex wake with time is described by differential equations of 
the free vortex motion over liquid particle trajectories in an ideal medium. Since the medium 
is ideal, then the intensities of these vortices with time do not change, and only their posi- 
tion in space changes. The pressure on the disc and in the perturbed nonstationary flow are 
calculated by using the Cauchy--Lagrange integral. 

The mentioned nonlinear model for separation flow around a thin disc by an ideal incom- 
pressible fluid is realized on an electronic computer by using the method of discrete vortices 
[3]. The disc and the vortex surface convergent with its edge are modeled by systems of dis- 
crete annular vortices (attached and free). The boundary condition about nonpenetration of 
the medium through the disc surface (it is satisfied at the finite number of checking lines), 
the condition about invariance of the circulation around a closed fluid contour in time, and 
the Chaplygin--Zhukovskii hypothesis are used to find their intensities at each computing time. 
Consequently, the boundary value problem reduces to solving a system of linear algebraic equa- 
tions for the unknown attached and free vortex circulations at each computing time. The non- 
stationary problem is solved in steps by going from one computing time to another. Formation 
of the vortex structure in the wake is excecuted at the time under consideration by using the 
vortex circulations calculated in the preceding computing time. 

The solution of the problem of separation flow around a disc on the basis of the method 
elucidated above is obtained when modeling the disc by ten discrete annular vortices, with a 
computational spacing in dimensionless time of Ar = 0.i (T = tUo/R is the dimensionless time~. 
Formation of the limit flow is realized for disc motion according to the law U(T) = 0, T ~ 0; 
U(T) = Uo, ~ > 0. The flow parameters, averaged with respect to time, in the wake 
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Fig. 2. Profiles of the base pressure coefficient on the rear 
surface of the disc (a), velocity distribution on the axis of 
symmetry (b). Solution of the Navier--Stokes equation by using 
the Leonard scheme, i) Re = 40~ 2) i02; 3) 2.5'102; 4) 103; 
5) 104; 6) computation by the method of discrete vortices; 7) 
solution of the Reynolds equations closed by using the k- 
model of turbulence, by using the Leonard scheme for Re = 3.5. 
i0~; 8) experimental data [5]. 

and the disc drag were determined by the termination of the transient of flow formation at 
the time T = 20. 

3. Modeling the stationary axisymmetric flow around a disc by a viscous incompressible 
fluid is based on solving the system of complete Navier--Stokes equations in the laminar mode 
by the method of control volume, and the system of complete Reynolds equations by using the 
semiempirical turbulence model k -- ~ in the turbulent mode. The initial system of motion 
equations in natural variables, supplemented in the turbulent flow case by differential equa- 
tions for the turbulent energy fluctuations k and its dissipation rate E is written is canon- 
ical divergent form in the cylindrical coordinates x, r, where x is the axial, and r the rad- 
ial coordinate, respectively. Such a mode of writing permits constructuion of a conservative 
difference scheme that possesses the advantage that the conservation laws for any computation 
cell are satisfied to roundoff error accuracy. To solve the problem we introduce a computa- 
tional mesh of "boomerang" type [7] with grid lines paralle~ to the coordinate directions and 
distributed with condensation near the disc surface and its sharp edge (minimal mesh spacing 
is 0.02). 

Either a scheme with one-sided differences opposite to the flow or a "hybrid" scheme 
combining one-sided and central differences are used to assure stability of the computational 
procedure in representations of the convective terms of the transport equations (see [7], say). 
The error in solving the problem can turn out to be significant in real meshes limited by the 
electronic computer possibilities when modeling separation flows by using such schemes, espe- 
cially at high Reynolds numbers. Its magnitude depends on the schematic viscosity due not 
only to the size of the computational cell but also to the magnitude of the local stream velo- 
city as well as the streamline orientation relative to the mesh lines [7]. Zones with large 
stream parameter gradients, i.e., shear layers that develop on the separation domain boundary, 
are subjected to the greatest distortions. The influence of the schematic viscosity can be 
diminished substantially because of the increase in the order of approximation of the convec- 
tive terms of the motion equations. Utilization of the scheme proposed by Leonard, with quad- 
ratic differences opposite to the stream [8], in this paper permits us to improve the quality 
of the modeling of the circulation flow in the near wake behind the disc and also to give a 
more correct estimate of the influence of turbulence effects on the flow than previously. It 

should be noted that the remaining terms in the equations are approximated by using central 
differences. Following [8], where it is shown that the solution for the turbulence character- 
istics k and E are constructed by the "hybrid" scheme. The pressure correction method applied 
is substantially the analog of the splitting method at the finite-difference level. The dif- 
ference equations obtained are solved by the method of linear scanning [8]. When modeling~ 
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the turbulent flow around a disc, a k -- c model with a set of universal semiempirical con- 
stants [8], approved for the computation of near-wall flows with developed turbulence is 
used. 

The boundary conditions in the problem are set up in the usual manner: The unperturbed 
stream parameters are given at the input boundary, "soft" boundary conditions at the upper 
and output boundaries, and symmetry conditions on the axis of symmetry. The turbulence char- 
acteristics at the input boundary were selected from the condition of their minimal influence 
on the flow within the computational domain. The turbulent fluctuation energy (k = 1.5.10 -4) 
is given by starting from the 1% level of unperturbed flow turbulence, while its dissipation 
rate is chosen so that the magnitude of the turbulent viscosity coefficient would be of the 
same order of magnitude as the molecular transport coefficient. Therefore, turbulence is 
generated in the stream because of the flow around the disc. The stream parameters and tur- 
bulence characteristics in the cells adjoining the walls are determined by the method of near- 
wall functions with the influence of the pressure gradient taken into account [9]. The ad- 
hesion condition is realized on the disc surface in the laminar mode. The distance between 
the disc and the left and right and upper boundaries of the computational domain are deter- 
mined from the condition of no influence of posed boundary conditions on the stream parameter 
distribution in the neighborhood of the disc in numerical experiments, and are selected equal 
to 16, 24, and 18, respectively. Solution of the problem for the turbulent mode of the flow 
around a disc is obtained on a mesh with a 60 • 30 quantity of nodes on the average within 
1500-2000 iteration steps with relaxation coefficients not exceeding 0.2-0.25, here the con- 
vergence of the solution was determined by setting up the turbulence characteristics in the 
computational field. The solutioncorresponding to the stationary laminar mode of the flow 
around a disc required on the order to 500-1000 iteration steps, where the convergence of the 
iteration process was determined by the degree of build-up of the stream parameters near the 
disc. 

4. Computations of the viscous incompressible fluid flow around a disc on the basis of 
solution of the Navier--Stokes equations by using a Leonard difference-scheme of second-order 
approximation were performed in the 40-10 ~ range of Reynolds number variation. It should be 
noted that the numerical flow model has a physical analog and corresponds to the laminar 
mode of the flow around a disc only up to a certain critical Reynolds number Recr (on the 
order of 500) above which the flow becomes turbulent in the wake behind the disc. Consequent- 
ly, the results obtained for Re >Recr are methodological in nature and display the influence 
of convective transport processes on the flow to a definite degree for large Reynolds numbers. 
Comparing the results of computations corresponding to different Reynolds numbers, and also 
with the results of a computation executed by using the method of discrete vortices (Re + ~), 
permits estimation of the influence of the viscosity caused by molecular transport effects on 
the separation flow. The comparison of the results noticed above with the data of a numeri- 
cal investigation of the flow around a disc by a hybrid scheme which is presented in [i0], 
permits giving a representation of the role of the schematic viscosity in the formation of 
separation flows on the basis of difference schemes of first-order approximation. Computa- 
tions of the turbulent mode for the flow around a disc at large Reynolds numbers (on the or- 
der of i0 ~ and higher) were performed on the basis of solving the Reynolds equations with the 
inclusion of a semiempirical model of turbulence k -- e. Comparison of the numerical results 
obtained with the experimental data of an investigation of the flow around thin discs in wind 
tunnels [5, 6] permits estimation of the influence of turbulent effects on the separation 
flow, and also the estimation of the accuracy of modeling the flow under consideration on the 
basis of different numerical schemes, 

Certain results of computations and available experimental data on the integral and lo- 
cal characteristics of the flow around a disc are represented in Figs. 1 and 2: The depen- 
dences of the frontal drag coefficient on the Reynolds number; the static pressure profiles 
on the rear surface of the disc, and the velocity distribution on the axis of symmetry. As 
follows from the computational results presented, the solution of the Navier--Stokes equation 
is asymptotic in nature as the Reynolds number increases. As is seen from Fig. 2a, the rea- 
son for the monotonic diminution in the frontal drag coefficient c x is the rise in base pres- 
sure. It should be noted taht the maximal magnitude of the reverse flow velocity in the near 
wake behind the disc increases with the rise in Re, and exceeds the unperturbed stream velo- 
city for Re > 250 (Fig. 2b). Here there is good agreement between the results of computing 
the flow around a disc by the method of discrete vortices and the almost asymptotic solution 
of the Navier--Stokes equations with small schematic viscosity. This is apparently a conse- 
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quence of the overwhelming influence of convective processes, that are reproducible well by 
these models, on the flow. 

Application of a second-order approximation scheme results in a significant diminution 
in the influence of schematic viscosity on the solution as compared with rougher computation- 
al schemes. The lack of a physical analog for the solutions of the Navier--Stokes equations 
(see Fig. i) for small values of the physical and schematic viscosities (when using the Leon- 
ard scheme) indicates the dominant influence of turbulent transport processes in the real 
flow. Indeed, computations of the turbulent flow around a disc on the basis of using a k -- 
turbulence model yield results that are in good agreement with experimental data on the in- 
tegral and local characteristics. 

The results of a computation of the Navier--Stokes equations by a hybrid scheme are in 
quantitative agreement with experiment data starting with Re = 100-250, and diverge signifi- 
cantly from the results of a computation by a more exact Leonard scheme. This indicates the 
governing influence of the schematic viscosity in the formation of the circulation flow in 
the near wake behind the disc and in the similarity of the action of the schematic viscosity 
mechanisms in numerical modeling of the flow and the turbulent transport in its physical an- 
alog. 

Therefore, comparing the results of numerical and physical modeling indicates that the 
flow around a disc is shaped under the action of convective and diffusion transport mechan- 
isms. Where the diffusion process can be reproduced by not only the physical viscosity (both 
molecular and turbulent) in the numerical modeling of the flow but also because of the sche- 
matic viscosity introduced in discretization of the transport equations. Diminution of the 
schematic viscosity in combination with utilization of the semiempirical k -- ~ model of tur- 
bulence based on the turbulent viscosity concept permits a sufficiently exact determination 
of not only the integral but also the local characteristics of the flow around a disc., i.e., 
raising the quality of modeling the separation flow as a whole. 

NOTATION 

x, r, Axial and radial coordinates (in fractions of the disc radius R); 0, fluid ldensity; 
~, dynamic viscosity; p, pressure; uoc, velocity component on the axis of symmetry (referred 
to the unperturbed stream velocity Uo); =pd, base pressure coefficient (dp = 2p/(pU2o)); k, 
energy of turbulent fluctuations (referred to U2o); e, rate of turbulent energy dissipation 
(referred to ~U2o/R2); Cx, frontal drag coefficient (normalized with respect to the quantity 
zpU2oR2/2); and Re, Reynolds number (Re = 0UoR/~). 
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